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TECHNICAL NOTE 322i<- 


THEORETICAL INVESTIGATION OF THE EFFECTS UPON 
LIFT OF A GAP BETWEEN WING AND BODY OF A 
SLENDER WING-BODY DOMINATION 
By Diiane W. Dugan and Katsumi Hikldo 


SUMMARY 


Slender-body theory has been applied to the study of the effects 
upon lift produced by the presence of a gap between wing and cylindrical 
body of a slender wing-body combination. Two conditions were studied, 
one. in which both wing and body had the same angle of attack, and the 
other in which only the deflected wing had an angle of incidence to the 
free stream. The lift for the case of combined angle of attack and wing 
deflection can be found by superposition. 

The theory predicts large losses in lift even for minute gap widths; 
it is anticipated, however, that the effects of viscosity and possibly 
of compressibility not considered in the theory will serve to reduce such 
losses in practice in the case of very small gap widths. The loss in 
lift effectiveness due to gap effects is more severe when both wing and 
body are at an angle of attack than when only the wing has incidence 
relative to the free stream. For the wing-body combination exclusive 
of the nose and afterbody, the gap effects, expressed in terms of per- 
cent loss in lift, are more pronounced for larger ratios of body radius 
to wing semispan; and the ratio of the lift obtained from wing deflection 
to that due to angle of attack increases with increasing gap width. The 
effect of the lift of the nose is to reduce the percent loss in lift due 
to gap in the angle -of -attack case from that predicted for the portion 
of the configuration considered above. As a consequence, the effective- 
ness of the wing as a control surface may increase or decrease with 
increasing gap width accordingly as the ratio of body radius to wing 
semispan is small or large. 


INTRCDUCTION 


In connection with the use of all-movable lifting siirfaces in 
missile design, there arises the practical problem of the effects upon 
the aerodynamic characteristics of the missile caused by the presence of 
a gap between the wing panels and the fuselage. When the fuselage is 
cylindrical, the gap is unavoidable for two reasons; In the first place. 
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a clearance between tlie movable wing panels and tbe body is required 
from mecbanical considerations, and secondly, a space between the wing 
panels and tbe curved surface of tbe fuselage is created by tbe deflec- 
tion of tbe wing with respect to tbe body. This latter gap distance 
varies in tbe cbordwlse direction. For tbe usual ratios of wing chord 
to body radius encountered in missile design, and for small angles of 
wing deflection, this variable portion of tbe gap width will be very 
small compared to tbe constant gap present at zero deflection. In the 
present theoretical treatment of tbe problem, only small angles of wing 
deflection are considered, and therefore the gap is assumed to have 
constant width. 

Tbe purpose of this report is to evaluate tbe effects of gap upon 
the lift of a typical slender wing-body combination having an all -movable 
wing. Two basic problems are considered: Problem one deals with tbe 

lifting characteristics of a wing-body combination inclined at a small 
angle of attack with respect to tbe free stream, tbe wing panels having 
zero deflection with respect to tbe body; problem two is concerned with 
tbe same configuration, but tbe body is considered to be at zero angle 
of attack and tbe wing is deflected to some small angle with reference 
to tbe body axis. By tbe principle of superposition, tbe lift of tbe 
wing-body combination having both angle of attack and wing deflection can 
be found. 

Although tbe first of tbe problems described above could be treated 
by tbe method giVen in reference 1, where tbe effects of a gap in tbe 
middle part of a wing at subsonic speeds are investigated, tbe second 
problem appears less amenable to solution by such methods. More useful 
for tbe present purpose, it is believed, is the procedure employed in 
reference 2, in which slender-body theory is applied to tbe analysis of 
the aerodynamic characteristics of a family of wing-body combinations. 
Accordingly, both problems are treated in much tbe same manner as that 
given in tbe latter reference. 

T'Jblle tbe present report was in preparation, tbe results of other 
investigations of gap effects were published. Bleviss and Struble (ref. 
3) suggested a method of estimating effects of streamwise gaps iipon tbe 
lift of wing-body combinations which included replacing the body by an 
infinite wall. Mirels (ref. 4) obtained tbe slender-body result for 
problem one of tbe present analysis, but did not obtain in closed form 
tbe solution of tbe second problem. 

In conimon with the above-mentioned investigations, tbe present 
analysis makes use of several simplifying assumptions. For example, tbe 
wing is considered to be vanishingly thin, and tbe fluid medium is 
assumed to have zero viscosity and to be free from shock waves. Con- 
sequently, tbe usual side-edge condition of Infinite velocity and zero 
lift is applied at tbe edge of each wing panel adjacent to tbe gap. It 
is also assumed that tbe lift is zero across tbe gap. Only small angles 
of attack and wing deflection are permitted, and the plane of the wing 



MCA TN 3224 


3 


is considered to include the center line of the body. Finally, the wing- 
gap-body combination is regarded as being slender in the sense that 
lateral dimensions are small in comparison to longitudinal (free-stream) 
dimensions. 

For gap widths of the order of a few boundaiy-layer thicknesses, the 
neglect of viscosity and compressibility will certainly produce unrealis- 
tic results. For example, subsonic theory (ref. l) predicts large losses 
in lift for even infinitesimal gaps in the middle part of a wing. It is 
interesting to note, however, that in an early experiment treating the 
configuration of reference 1, Muhk and Cario (ref. 5) obtained results 
which indicate appreciable decreases in lift-cirrve slope at zero angle 
of attack for gap widths which, though not "infinitesimal," were small 
in terms of the wing chord. It remains for experimental investigation 
at supersonic speeds to define the range of gap dimensions and of angles 
of attack for which the present inviscid theory is reasonably valid. 


GENERAL ANALYSIS 


If it is asstomed that for slender bodies (including wings) the 
velocity gradient in the free-stream direction <Pxx is small compared 
with the velocity gradients in the y and z directions, then the well- 
known Prandtl linearized differential equation for the perturbation 
velocity potential 9 of a compressible flow in three di mensions 

(1-Mo^)9jqj + 9yy + 9^2 = 0 

is closely approximated by the more simple twa-dlmensional form 

9yy + 922 ~ 0 

which permits the use of conformal mapping. 

The same simplification can be made if Mq, 
the free-stream Mach number, is unity, or 
very close to unity, and the velocity gra- 
dient in the free-stream direction is not 
excessively large. 

The wing-body combination chosen for 
consideration is shown in sketch (a) . 

Symbols are defined in Appendix A. The 
body consists of a cylinder of circular 
cross section of constant radius and an 
arbitrarily pointed nose. The wing con- 
sists of two Identical right triangular, 

X 



Sketch (a) 
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flat plates^ of vanishing thickness placed adjacent to and on opposite 
sides of the constant cross-section portion of the body. The distance 
from the body axis to the inner edge of .each -wing panel is designated 
t; the gap is defined as the distance t-ro^ where ro is the radius of 
the cylinder. The distance from the body axis to the outermost point on 
the wing panel is called s©; the symbol s refers to the distance from 
the body axis to a point on the leading edge of each wing panel. The 
slope of the leading edge may be designated as ds/dx, or m = tan e, 
where e is the vertex angle of the wing panels. The origin of the 
coordinate system is taken at the point of intersection of the body axis 
and the line joining the apexes of the wing panels. 

We introduce the complex variable S = y + iz = Pe^^. The cross 
section of the wing and body in the I plane is shown in the upper part 
of sketch (b) . The Joukowsky transformation 

^ 1 = 1 + ^ ^ ( 2 ) 

maps the given cross section onto the real axis of the plane, as 

shown in the lower part of sketch (b) . 



Sketch (b) 


^The results of this analysis are, however, applicable to con- 
figurations in which the leading edge is not a strai^t line, provided, 
of course, that the assumptions of slender body theory are not violated. 
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Then, for Zi = 0, 


and 


yi 

yi 

Si 

■fci 

ri 


= y + 


■r 2 


= 2r, 


= s + 


•q cos 6 

T 2 
n 


= 2y 


s 


= t + — ii- 
t 

= 2rn 


_ 7i + JyiF^‘ 


y = 


yi - Jy^F-^ 


y-f 


yi^ >.rx^ 
yi^ < rx= 


yi ^ 


yi 1 ri 


yi^ < rx^ 


> (3) 


) w 


The induced velocities in the two planes are related by 


V - iw = (vx-iwx) ^ 

d5 


from which 

V = Vx 

w = Wx 


1 - 


+ Wx^~^ sin 29 


^ ” C p 3 


cos 29 


- Vx 


(^J 


sin 29 


Vr = ^Vx cos 0 + Wx sin 0^ 1 ® 


(5) 


> ( 6 ) 


Also, Laplace's equation must be satisfied in the plane, so that 


'^yxyi ^zizi “ ° 


(T) 
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The general solution to equation (7) that gives the vertical induced 
velocity Wi on the yx axis due to the jump in the value of the lateral 
velocity Avx across the yx axis can be -written 


wi(yx) 


_1_ /^^ Avx(yg) 
2rt 'j-sx yi - ys 


( 8 ) 


In the present problems, "Wx(yx) is known from boundary conditions, but 
Avx is unknown (except in the gap). Equation (8) is thus an integral 
equation which will be solved to find Avx in each of the -two problems. 


PROBLEM 1 - WING-BODY COMBINATION AT SMALL ANGLE 
OF ATTACK, WING AT ZERO ANGLE OF DEFLECTION 

Boundary Conditions 


As was mentioned in the Introduction, it is assumed that no lift is 
carried in the gapj hence the circulation and vorticl-fcy in the gap are 
taken to be zero. The boiindary conditions which obtain in this problem 
are therefore 


In 

the 

(i) 

Wx 

(11) 

Avx 

(111) 

Wx 

(iv) 


(v) 

A9i 


(i) w = -Voa 

(ii) Av = 0 

(iii) w = -Voa 

(iv) V = 0, w = 0 

(v) AT= 0 


p = ro, 0 ■< 0 < 2n 
z = 0, ro^ < 3^ < t? 
z = 0, t^ < 3 ^ < 8^ 

p = <», 0 0 2rt 

z = 0, 3 ^ > 


lx plane these boundary conditions become 
Vpa 
2 

= 0 


Vpa 

2 


1 + 


yi 


= 0, wx = 0 

= 0 


yyi^-rx" 


Zx = 0, 0 < yx^ < rx^ 
zx = 0, rx^ < yx^ < tx^ 
Zx = 0, tx^ < yx^ < sx^ 

PjL = «>^ 0 0x < 2it 

Zi = 0, yx® > Bx® 


A 


> (9) 


j 




) ( 10 ) 


J 
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Solution of the Integral Equation 


The general solution expressed by equation (8) can be -written 


wi(yi) 



yi - 72 


^72 



7i - 72 


^ f ^ dyg 

2rt 7i - 72 



— r ^ dy2 

2rt Jti 7i - 72 


( 11 ) 


where 


Aviy = At^x be-fcvreen ±ti and ±si 
Avj^g = Avx between ±rx and ±tx 
Avxb = Avx be-tween -rx and rx 

Since AVxg = 0, the second and fourth Integrals of equation (u) vanish. 
Also, since the -wing-body combination is laterally symme-fcric, 

Avx(yx) = -Avi(-yx) (12) 

and equation (ll) can be written 

vi(rij = - A. dr,^ . A. dTi^ (13) 

2rt Jq - Tig 2n J ^.^2 Ti^ - Tig 

where 

% = 71^ 

112 = 7g^ 

Inversion of equation (13) -will be accomplished by the application 


of the procedure presented in reference 2. First consider the region 

^ ^ o ^ 

0 ^ Ti ^ rx . Here Wx and equation ( I 3 ; may be -written 

^ 2 



( 11 ^) 
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Equation is now of tlie general form 


f(\) 


- i r" a,, 

2 rt Ja \ % 


( 15 ) 


of wMcti the inversion is 


Avi(A) = 


ny(b-A) (A-a) 




AVi(Tl2)dll2 + 


■I 


tt f (ill )y(b-Tli )(%-&) 

A - \ 


which for Avi(a) = 0 reduces to 


. a r" i<3i) /!5 

It a/ b-A A - Til 


"^1 

a 


dUi 

(16) 

(IT) 


In the present problem, Avi(o) = 0 from symmetry, and the inversioh 
of equation (l^l-) is 


= ’ ^ 0 °- 


1 l 2 


ri^- 11 . 


Av^g) 




i / r 


dri. 


(18) 

This expression for Avi^ will be used subsequently in solving for the 
lifting properties of the body. To find Avi^ it is necessary first to 
substitute equation (l 8 ) into equation (13) and reverse the order of 


integration. Using Wi(q^) = 


Voa 


1 + 


Tl^-rX 


for ti^ < < si= 


we obtain, after simplification. 


1 

-Voa 

2it J^z - q. 


AViJq^) /q^-ri^ 




(19) 


Inversion of equation (19) will follow the procedure given by 
equations (15) and (16) . Thus 
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Equation (2l) is not unique since it contains an integral involving 
Avj_^. However, the integral is merely a constant, which can be evaluated 
from the assumption that A9i is zero at yi^ = ti^. Knowing Avi, we 
can express A<Pi as 


or, in terms of 


Then 



( 22 ) 

(23) 


( 24 ) 


Substituting equation (21) into equation (24) yields 



10 


MCA TN 3224 




y ^ - — 


= |v,aj' 


tl' 

2 


2t1i - si^ - ti^ 


<3-n 


y (sx^-Tli)(ni-ti^)(Tl3^-ri^) 

(25) 


Performing the Indicated integrations^ and solving for G gives 


G = kYqcl 




(26) 


where 



An expression for Av^^ can now be found by substituting equation (26) 
into equation (21) . The result is 


^■^iw = 


2 a/tiI Voa 


y(si2-q^) (Tl^-ti2)(q^-n2) 


K(k) 


(27) 


Span Loading on Wing Panel 


The span loading is proportional to the total circulation 
r = ATijtg - A*P]^. From equations (23) and (27) we obtain 

ATiy = 2Nq<xJbx^-Vx^ Z(ti,k) (28) 


where 


Z(i|ri,k) = E(ti,k) - 


E(k) 

K(k) 


F(ti,k) 


and 


= sin-^ /SS. 

(The function Z is tabulated in ref. 7*) 


“^The elliptic integral of the third kind encountered here, as well 
as those which occtir subsequently, were evaluated by use of reference 6. 
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If ti is set equal to ri (condition for a slender wing on an 
infinite cylinder with no gap) equation (33) becomes 


= 2Voaysi2_y3^2 


which when transformed by equations ( 3 ) may be written in the 


yz plane 


(^Wt=ro 



- 



( 29 ) 


Equation ( 29 ) agrees with the expression for the velocity potential for 
a slender wing on a semi -infinite cylinder given in reference 8. 


At the leading edge of the wing, yi = si, and = 0 as it 

should. Therefore, can be given by equation (28) with Sq substituted 
for s. However, it is more convenient to express the value of the 
circulation in terms of the value of the semispan of the wing for zero 
gap Sq** Then, since sq = Sq* + g, where g is the gap distance, the 
expression for span loading is 



P^o^w = ^1So*o, 



+ 



1 



( 30 ) 


where and k are evaluated for 


Bl = Sox* 


Pressure Distribution Over Wing Panel 

The loading coefficient Ap/q can be found from the equation 

Ap An 2 2 dsi ds 

q Vq Vq Vq Ssi ds dx 


First, the differentiation of ATi^j- 'with respect to si is carried out 
and gives, after simplification. 


Ssx 


2Voa 


sx ysi^-ri^ 

sx^ - ti^ 


1 


E(k) 

K(k) 


Z(ti,k) + 


/(yx^-tx^)(yx^-rx^) 

(sx^-yx^)(sx2_rx2) 


(31) 
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Since dsi/ds = 1 - and for triangular -wings ds/dx = there 

results for the loading coefficient for the -wing 


\ Itei-t^(s^-ro^) 

fi . E(k) 1 

— 

(s^-t^)(s^t^-ro'^) 

K(k) _ 







- rp^ /(y^-t^)(y^t^-ro^) 
yt V (s2-y2)(s^y^-ro^) 


(32) 


In the case of zero gap (t = ro) , equation (32) reduces to the 
result given in reference 8 for the loading coefficient for a triangular 
wing on a semi -infinite cylindrical, body. 


Lift of Wing Panels 


The lift of the -vring panels may be found by integrating the 
expression for the span loading; that* is. 



(33) 


The integration is more easily carried out in terms of yx* Equation 
( 33 ) then becomes 






<iyi 


(34) 


Substituting in equation (34) the expression for (ATxh')^ obtained 
from equation ( 28 ) with sx = sox gives 



+ (soi^-rx^) 


1-2 


E(h) 

K(k) 


2tx iE(kx) - K(kx) + 

L tx 


I l + Ao(i|r,kx) 

E(k) 


- Jtrx + 


1-2 


K(k)J 


K(kx-) I (35) 
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where 


Ao 


“ |{[eO'i) - 


K(ki) 


F(t.ki') + 


= sin 


-1 /si^-ri" 


Si 


ki = £1. k = £i 
ti ti 


ki' = yi - ki" 


and the moduli and arguments are evaluated at the wing trailing edge 
where si = Soi- (The function Aq is tabulated in refs. 6 and 9*) 

Equation (35) gives the lift of two pointed low-aspect -ratio wings 
in the presence of a slender body which is cylindrical in the region 
between the apexes and trailing edges of the luring panels and lies 
between and at a distance t - r© from the panels, all at an angle of 
attack • 

If ti = ri = 0, equation (35) reduces to (h/qa)^ = or, for 

the two triangular wing panels now joined ( triangular wing) 



Cl = 


2rtSc^ 


a = — Aa 
2 


(36) 


which is the well-known result for the lift of a slender wing. 


Span Loading on Body 


Equation (l8) expresses the vorticity on the body in terms of the 
vorticity on the wing. Substituting equation (27) into equation (l8) 
gives 


^ViB(ni) 




(Tl3“ri^)dT]3 

(Tll-llg) y(si^-Tl3)(n3-tl^) 


1 

It 


(si^-ri^) 


E(k) 

K(k) Jti^ 


^ 

(TI1-TI3) yTsi2-Tlg)(Tlg-ti2)_ 


(37) 
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wMch becomes 




1 _ 


2-n 2 


rx^-Ti 


(ri^-Tli) + (si^-ri^) 


E(k) 




Since = 0 in the gap, the jump in potential across the real axis 

between -ri and r^ can be given by 


-X: 


yx^ Av, 


rx 2 


From equations (3^) (39) ^ i't follows that 


A9xb = 2VoCt, sin - ysx^-rx^ 2(^2, k) - | 


where 


= sin 




+ 2 2 
tx -yi 


^Jhen tx = rx, equation (4o) reduces to 


- 2Vo» I y=i=-yi= - I 


or, in physical terms, to 


(A9b)+_-, - 2Voa 
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The span loading on the body due to the presence of the lifting wing 
can now be determined. First we shall' consider the loading induced on 
the body aft of the apex of the wing 
(see sketch (c)). The value of 

(A%.b)j^ is found by setting Sx = ti ^ ^ ^ 

in equation (4o), which becomes A \K - 




^rx^-yx^ 


For A<Pxb "ttie trailing edge, the 
value of soi is used in place of sx 
in equation (^). Therefore, the span 
loading on the body is 



®o-»f 

(^)te 


Sketch (c) 


= ^a- »/sox^-yx^ sin Z(^2,h) - (^l) 


or since the value of the span loading on the nose in 4 qa 

according to Munk's airship theory, the total span loading on the body 

is, in terms of the geometric properties. 



where and k are evaluated using Sx = sqx* 


From equations (28), ( 4 l), and (te), the span load in g for the wing- 
body combination is plotted for several ratios of gap to semispan in 
figure l( a) . No lift is induced on the body aft of the trailing edge of 
the wing, according to slender-body theory. 
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Pressiare Distribution on Body 


The expression for the loading coefficient on the body is 

obtained in the same manner as for the wing in a preceding section. The 
result is 



(1^3) 


If t = Tq, equation (l|-3) reduces to the result given in reference 8 for 
the lifting pressini'e coefficient on an infinite cylindrical body in the 
presence of a lifting low-aspect-ratio wing. 

The distribution of lifting pressures on a spanwise strip for the 
present wing-body combination is shown for several ratios of gap to 
semispan in figure 2(a) . For comparison, the pressure distribution of 
the wing alone is also shown in the same figure. 


Lift of Body 


The lift induced on the body by the wing can be found by the 
formula 


^-ro ->o 


dliB 
dyi 


<3-yi 


m 


with dLs/dyi given in equation (4l) above. The final result can be 
TOitten 




1-2 


E(k) 


K(ky 


1 - Ao(Tlf,ki) - nn^ - 


2tiysoi^-ri2|E(ki) - K(ki) + ^ 1 - 2 jK(ki) | 


where ■*}r k, and ki are evaluated for si = bqx. 


(1^5) 
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For the lift of the wing-body combination (exclusive of the nose), 
equation ( 45) is added to equation ( 35) • This yields the simple equation 


( 



2«|^(ti2-ri^) + (soi^-ri^) 



(46) 


VThen written in tenns of the physical dimensions, equation (46) agrees 
with equation (2) of reference 4. 

The total lift of the body and of the wing-body combinatioh can be 
obtained by simply adding the lift of the nose (which has the value 

^ ri^ = 2itro^) to the respective eatpressions for lift. 

For the case in which the gap is zero (tx = i*x), equation (46) 
reduces to the result given for this case in reference 8. 

Equations (35) ^ (45)^ (46) have been evaluated for several gap 

semispan ratios; the resiilts, given as ratios of lift in the presence of 
a gap to the lift when the gap is zero, are shown in figures 3(a) and 
4(a). 


PROBLEM 2 - BODY AT ZERO ANGLE OP ATTACK TO FREE STREAM, 
WING DEFLECTED AT SMALL ANGLE WITH RESPECT TO BODY 


The second problem is complicated by the fact that the total gap 
between the wing panel and the cylindrical body is the sum of two gaps, 
one of which is the constant clearance required for mechanical reasons, 
and the other is the gap caused by wing deflection. The latter gap 
distance varies from apex to hinge line, and from hinge line to trailing 
edge of each wing panel, and also changes in magnitude with the angle of 
deflection. However, for the small deflections considered here (say of 
the order of 5°) > 'ttie gap created by deflec-ting the wing will be small 
for the usual ratios of body diameter to wing chord encountered in prac- 
tice, and the total gap distance will be taken as a distance independent 
of wing deflection angle. 


Boundary Conditions 


Certain boundary conditions for this problem differ from those of 
the previous problem, although the basic conditions, such as the zero 
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value for the jump in potential at the leading edge of the wing panel, 
apply here as well. Stated first in the physical yz plane (see sketch 
(b)), the salient boundary conditions for this problem are 


(i) 

vr = 

0 

(ii) 

Av = 

0 

(ill) 

w - 

-V 06 

(iv) 

V = 

0, w 

(v) 

A9 = 

0 


Transforming equations (^7) to the 
gives 


p = rQ, 0 ^ 0 ■£ 2rt 

z = 0, < y^ < t^ 

z = 0, t^<y^<s^ 
p = 00, 0 < e ^2n 
y2 > 8^ 




>( 47 ) 


£3^ plane by means of eq^uations (6) 


(i) 

wi 

(ii) 

Avx 

(iii) 

Wx 

(iv) 

vi 

(v) 

APx 


0 

0 


_ Vo5 
2 

0, wi 



0 


zi = 0, 0 < yi^ < ri^ 

zi = 0, ri^ < < ti^ 


)( 48 ) 

p^ =00 , 0 < 0 < 2rt 


Solution of the Integral Equation 


Commencing with equation (13) we shall obtain a solution for Avi, 
the jump in lateral velocity along the real axis. In the region 
0 < Ti ■< rx^ the vertical component of velocity is zero so that equation 
(13) can be \ 7 ritten 


i r 

2n J. 


Av- 


IW 


Si 

ti^ “ ^2 


ill. 




rx^ Av 


IB 


dq : 0 < Ti < rx^ (49) 

ilx - ^2 ^ 1 

Applying the inversion formulas given by equations (15) and (17) gives 






/^l^ AVxy(Tl3) 

'Ha " 'Hx y ^1 y^x^ ~ ^3 


(50) 
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or after Integration -with respect to 



Next, substitution of equation (51) into equation (13) will eliminate 

and provide an integral equation for the vorticity across the wing. 

Thus 

w,(qj=-i ^ /^dq3- 

2 n^ - ilg 7 TI3 


2_ 

2 « % - ri^ 


(52) 


Integrating the double integral first with respect to x\^ we find that 
for tx^ < equation (52) reduces to 



1_ 

^2 ’ll - ila 



<3-T1q; tx^ 81 ^ 


(53) 


Equation (53) can be inverted by the formulas given by equations (15) 
and (16) . Thus is obtained 


Avxw = 




Sx^ -tx^ ) ( -rx^ ) 


C + 



ViCng) / ( Bx^ -Tig ) ( Tig -ti^ ) ( Tig -rx^ ) 

\ - ’Is y 42 


( 54 ) 
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where 


C 






As in problem 1, the vaj.ue of the constant C can be determined from 
the condition that A9i(ti) = 0. Since 



it follows frcmi equation (54) that 
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from which 


C = 






4K(k) 


ptx 

y ( Sl^ -Tl^ ) ( -ti^ ) ( Tl^ -ri^ ) 


ltl‘= 




Si*- 




Tl2 2 ^ 


(56) 


This expression is left in this form since further integration is not 
advantageous at this time. 


Span Loading on Wing Panel 


The circulation 
expression for Av^y 


A9j(yi) will be obtained by integrating the 
given by equation ( 54) ; that is 


A<Pj^^(yi) 




(57) 


By a suitable choice of the order of integration, equation (57) can be 
evaluated to give 


A93^(yi) = VqS 



Z(il^x^k) 


yiZ(ilT3,ki) 


+ 


ysi^-ri^ Z(ti,k) 



Ao(^,ki) 


(58) 


where 


/(si^-yi~)ti 

(si^-ti^)yi 


2 


2 


■'{'’a = sin"^ 



22 


MCA TN 3224 


In the case of zero gap (ti = ri) , equation (58) degenerates into 



Equation (59) agrees with an unpublished result obtained by Gaynor J. 
Adams, who solved a sim i lar problem of a slender wing-body combination 
having the wing deflected - no gap being considered. 

Since A9 = 0 at the leading edge, the expression for the span 
loading can be written 



I (^1 - 1 + Ao(Tl^,k) i - 





(60) 


where the moduli and arguments of the elliptic integrals are evaluated 
for si = soi- 
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Pressure Distribution on Wing Panels 


Follow-ing the procedure outlined in problem 1 , page 11 , we solve 
for the loading coefficient of the wing panels. Differentiation of 
equation (58) with respect to Si yields 


5 si 


IW 


V06 


Si 


si^ - ti" 


1 - 


E(k) 

K(k) J 




1 + Ao(i|f,ki) 


2ri^ 

■ti 



2 ti [K(ki) - E(ki) ] 


" 

Z(ilri,k) + 


/(yi^-ti^)(yi^-ri^) 

(Si2-yx2)(si2-n2) 




and the expression for the loading coefficient becomes 


(61) 


(s^-ro^)t^ 


q8/y « s(s^-t^)(s^t^-rQ^ ) 


s^(y^-ro^) /(y^t^-ro^)(y^-^ 

yt(s2-ro^) /(sV-ro^)(s^-y^) 


k) 


<vl_ K(k)J\t? 


K(kJ 


+ Tr 


^(e^-ro^) 


1 + Ao(t,ki)- 


2(t^+ro^) 

t 


K(ki) - E(ki) 


(62) 



2k 


NACA TN 3224 


For the limiting case of zero gap, equation ( 62 ) degenerates to 



Lift of Wing Panels 

The solution for the lift of the wing panels in this problem follows 
the same pattern as adopted in the first problem. In the plane 



Substitute the expression for A*P,pg obtained from equation ( 58 ) into 
equation (64) and integrate and there results 


fi') =l|(sc,i=-rn.=) 

r ^ E(k )1 
1-2 

+ tx^f- 

2I 

K(k). 

J 


2tiysoi^-ri^ 


E(ki) - 


K(ki) 

sin^ 


] 


1 + Ao(^^Ei) + 


1 + Ao(^,kx) + 


2ri^K(ki) 

«tiysoi^-ri^ 

ri^K(ki) 

rtti ysoi^-ri^ 


2 — E(ki)K(ki) - - ri^ 

jt 2 


(65) 


where the moduli and arguments of the elliptic Integrals are evaluated 
using sx = Sox* 
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Span Loading on the Body- 


Equation (51) pro-vldes an expression for the jump in lateral 
-veloci-ty along the real axis in the -transformed plane be-tween 

0 and rx^ in terms of Avi^ between tx^ and Sx^. Combining equations 
(51) and (54) gives the expression 





^ 

( ’ll “42 ^ y ( “42 ^ ( ^2 ) 


C + 


pai^ Wx(q3) /(si^-43)(Tl3-tx^)(Ti3-rx^) 

^tx^ (42-43) y ^3 


(66) 


An expression for APxb can now be found by substi-tuting equation (66) 
into 


AP 


-u- 2 


IB 


IB 


= r — 


Using the expression for C given in equation (56) and performing 
the integrations gives 


A 9 lb = 


Vq 5 

Tt 


2 K(kx) 


tx J 


-yC fx-x^ /filiZil - ex^ 

^ ' ^tx^-yx^ 


J 




S:- Z(ijr2,k) - yxZ(t4,kx) 
■ti 




rx^-yi^ + 


1 + Ag(t,kx) ysi^^yx^ sin ts - ^sx^-rx^ Z(t2^k)J 


(67) 
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where 

= sin"^ 

With Si = soi^ equation (6?) gives the value of at the 

trailing edge of the wing. If the body extends aft of the trailing edge 
of the wing, the present boundary conditions cannot properly be applied 
to find the loading on the afterbody. No attempt to determine such load- 
ing will be made here. 

Since (A<?ib)j^ is zero. 



where soi, the value of si at the trailing edge, is used throu^out. 
For the condition of zero gap, the expression for span loading can be 
shown to be 
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When equations (68) and (60) are evaluated for several ratios of 
gap to semispan, the results shown in figure l(b) are obtained for the 
span loading on the wing -body combination. 


Pressure Distribution on Body 
The differentiation of (eq.. (67)) yields 



1 _ E(k) I f ^r/t^K(ki) ^ « t(s^-rp^) ^ 

K(k) J1 (t^+ro^)^ 2 s(t^+ro^) [_ 


- J / L sin _ 

If t is set equal to Tq in equation ( 71 ), the loading coeffi- 
cient for the case of zero gap is obtained as 



28 


MCA TN 322l<- 


The loadings on a spanwise strip of the -wing-body combination, 
obtained from equations ( 71 ) ami (82), are shown graphically in figure 
2 (b) for several ratios of gap to semi span. 


Lift of Body 


The lift of the body is found in the same manner as in the first 
problem, namely, by integrating the span loading over the diameter. The 
integration is carried out in the plane for convenience. When 

equation ( 68 ) is substituted into the equation 

dliR 

Lb = 2 / dyx 

Jo ^yi 

the expression for lift on the body is 



. ^ ri^K(ki) 2ri^ ^ jt 2 

Ao(V,ki) + ■ — E(ki)K(ki) - - ri^ 

( 73 ) 

■with the moduli and arguments of the elliptic integrals e-val-uated for 

81 = Sol* 

The expression for the lift of the -wing-body combination in the 
presence of a gap is ob-tained by adding equations ( 73 ) (85) is 

given by 
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(i)«B ° ® !!■]}{’• * + 

2tiysoi2-ri2 |E(ki) - K(ki) + ^ 1 - 2 ^ K(ki)| ( 74 ) 

where Sx = soi Is used throughout. 

As previously mentioned, no effect of the afterbody Is Included In 
the analysis of the lifting properties of the body, so equations (73) 
and ( 7 ^) are strictly applicable only to wing -body ccmblnatlons having 
no afterbody. 

It Is Interesting to note that the lift of the wing-body combination 
per unit angle of wing deflection Is Identical to the lift of the wing 
of the combination (exclusive of body nose) per unit angle of attack 
(cf. eq^s. ( 7 ^) and (35) )• 

For the case of zero gap (tx = rx), equation (7^) may be written 



where Cj;^ = ^ A6 = lift coefficient of a slender triangular wing. Equa- 
tion (75) agrees with a result obtained In reference 10. 

Figures 3(b) and 4(b) present the variation of lift with gap width 
for the wing, body, and wing-body combination for ratios of body radius 
to wing semispan equal to O .5 and 0.2l6. 
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EFFECTIVEIffiSS OF ALL-MOVABLE WING 


The effectiveness of a control surface in producing lift is often 
of interest to designers of aircraft. It is usually expressed in terms 
of an effectiveness parameter defined by 



For the irtLng-body combination investigated in this report, the 
variation of the effectiveness parameter with gap width is shown in 
figinre 5- Figure 5(a) shows results obtained by omitting the lift of 
the nose, which according to theory is invariant with gap, and by omit- 
ting the lift of any afterbody, which cannot be calculated in the present 
analysis. In figure 5(b) the nose lift has been included in the calcula- 
tions, so that the latter figure pertains to a slender wing-body com- 
bination having no afterbody. 


DISCUSSION OF EESULTS 


Application of slender-body theory to the determination of the lift 
of a slender wing-body combination having a^ gap between wing and body 
indicates that comparatively large losses in lifting pressures, circula- 
tion, and lift are caused by even minute gaps; however, it is antici- 
pated that these large losses will not be realized in practice for very 
small gaps because of the viscous and possibly the compressible proper- 
ties of actual fluids. Experimental investigation is necessary to deter- 
mine the range of gap dimensions and of angles of attack for which the 
simplified theory is valid. 

If attention is confined to the wing-body combination exclusive of 
nose and afterbody, it is evident from figures 3 ^ that for a given 

gap width the percent loss in lift is greater when both wing and body 
are at an angle of attack than when only the wing is set at an angle of 
Incidence. Comparison of figure 3 with figure ^ shows that the percent 
loss in lift due to gap increases with increasing ratios of body radius 
to wing semispan. Figure 5(s.) indicates that the presence of a gap 
tends to reduce the difference between the lift of the wing-body com- 
bination due to angle of attack and that caused by wing deflection. 

The Influence of the ratio of body radius to wing semispan is such that 
for larger ratios the effectiveness of the wing as a control svirface is 
diminished. • 
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The effect of the lift of the nose in the angle-of -attack case is 
to reduce the percent loss in lift of the complete configuration for a 
given gap width from that given for the' portion of the configuration 
above; thus the effectiveness of the wing as a control surface Is 
lowered from the values given in figure 5(s.) to those shown in figure 
5(b) . It appears from figure 5(b) that, with no afterbody, the control 
effectiveness of the deflected wing may increase or decrease with 
increasing gap width accordingly as the ratio of body radius to wing 
semispan is small or large. 


Ames Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Moffett Field, Calif., May 12, 195^ 
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APPENDIX A 


NOTATION 


aspect ratio, 4 — g— 


lift coefficient, — 

gS 


complete elliptic integral of the second kind witli modulus k, 

J yi - k^sin^e de 

incomplete elliptic integral of the second kind with argument 

ot — 


ilf and modulus k. 


1 - t^sin^e d© 


F(iir,k) incomplete elliptic integral of the first kind with argument 


if and modulus k. 


r,7rr 


k^sin^e 


gap width between fuselage and wing panels, t - Tq 


k, kx moduli of elliptic integrals, k = 


/si^-ti^ n ^ 

— ; kx = — k 

sx^-rx^ tx 


complementary modulus, yi - k^ 

complete elliptic integral of the first kind with modulus k, 
nst/z 

/ d© 

° ./ 1 - l^sin^© 


lift force 

ds 

slope of leading edge of wing panel, triangular wings, — 

dx 


free-stream Mach number 
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q. 


loeuiing coefficient. 


PZ - Pu 


S*, So* 


5 . 
t 

u,v,w 
Au, Av 

Vr 

Vo 

x,y,2 

a 

r 

8 

6 

Z(i|r,k) 

n 

9 

Ao(f,k) 


free-stream dynamic pressure, — PqVo^ 

radius of fuselage (cylindrical portion) 
local semi span of wing 
maximum semispan of wing 

local and maximum semispan of wing, respectively, when gap is 
zero 

combined areas of both wing panels 

distance from body axis to inside edge of wing panel 

perturbation velocity components in the x,y, z directions, 
respectively 

jump in velocities across the z = 0 plane (u^ - u^, v^ - v^) 

raxiial component of perturbation velocity in a plane perpen- 
dicular to the X axis 

free-stream velocity 

Cartesian coordinates 

angle of attack of body axis 

total circulation about a wing section 

wing deflection angle with respect to body axis 

apex angle of wing panel 

/ V E(k) , 

Jacobi's zeta function, E(ij^,k) — — F(ilr,k) 

K(k) 

y^ 

polar coordinate in a plane perpendicular to the x axis 

Heilman's lambda function, 

||[E(k) - K(k)] F(t,k') + K(k)E(i|r,k') 

complex variable, y + iz 



MCA TN 322^1- 
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Pq 

9 

A9 


Subscripts 

1 complex plane resulting from application of JoTikowskl trans- 

formation to the physical coinplex plane (except when used 
in the elliptic integrals) 

B body 

I lower surface of z = 0 plane or of wing panel 

u upper surface of z = 0 plane or of wing panel 

¥ wing 

wing-body combination 


polar distance in a plane perpendicular to the x axis 
free-stream density 
pert^arbation velocity potential 


Jump in 9 across the z = 0 plane 
arguments of elliptic integrals, = sin 


-1 


= 3in-i 




ts = sin-1 /(,Bj.^-yi^)ti^ ^ /(.BiWlyil 


(si^-ti2)yx^ 


(si^-yx^)rx2 
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Figure 3.~ Variation with gap width of lift of a slender wing-body combination, 0,500 
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Figure 4~ Variation with gap width of lift o/ a slender wing-body combination, Is. « 
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Figure 5- \A3riation of effec/iveness of afl~movabie wing of a slender wing -body 

combination with gap size. 
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